
Difference of Proportions from the Same Survey
Author(s): Alastair J. Scott and George A. F. Seber
Source: The American Statistician, Vol. 37, No. 4, Part 1 (Nov., 1983), pp. 319-320
Published by: American Statistical Association
Stable URL: http://www.jstor.org/stable/2682774
Accessed: 18/11/2009 12:39

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/action/showPublisher?publisherCode=astata.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

American Statistical Association is collaborating with JSTOR to digitize, preserve and extend access to The
American Statistician.

http://www.jstor.org

http://www.jstor.org/stable/2682774?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=astata


paired t test on the complete pairs (1-10) is a = -1.30, 
sJ = 20.68, t = -.9040 on 9 df. 

Using the SAS GLM procedure we get a value of 
&2 = 93.05/9 = 10.3389 = !sJ. The sum of squares for 
treatments is 8.45 =!.1O. (-1.30)2. The F test is .8173, 
which is .90402. 

The ANOVA table (Table 2b) is affected by the addi
tional observations only in the source due to blocks (or 
pairs). With the phony observations included the sum of 
squares is 454.34. With them omitted it is 325.45. 

CONCLUSION 

From this analysis, it seems clear that excluding un
paired observations is the simplest method to use. No 
additional information about treatment differences is 
obtained by including these unpaired data. However, it 
seems wise (and statistically responsible) to describe the 
characteristics of the unpaired data in case there are 
biases in the missed data. 

Table 2b. SAS Results 

Source df SS MS F 

a. ANOVA (phonies omitted) 

Pair 9 325.45 36.16 3.50 
Treatment 1 8.45 8.45 .8173 
Error 9 93.05 10.34 

~ = -130 

b. ANOVA (phonies included) 

Pair 12 454.34 37.86 3.66 
Treatment 1 8.45 8.45 .82 
Error 9 93.05 10.34 
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Difference of Proportions From the Same Survey 

ALASTAIR J. SCOTT and GEORGE A.F. SEBER* 

The problem of estimating the difference between two 
proportions for the same sample survey occurs often in 
practice and should be considered in introductory statis
tics courses. 

KEY WORDS: Sample survey; Difference of two pro
portions. 

1. INTRODUCTION 

Although all elementary statistics books deal with the 
problem of estimating the difference between two pro
portions from independent samples, no attention is 
given to the equally important problem of estimating 
the difference between two proportions for the same 
sample survey. This problem is well known to readers
at-large in the form of preelection opinion polls. It has 
been our experience that newspapers (and students) 
frequently get it wrong and, at best, assume that esti
mated proportions are statistically independent. Since 
this topic has such a high profile, we believe that it 
should playa more prominent role in introductory sta-
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tistics courses and elementary statistics books. The 
methods are well known, of course, but the derivations 
involving underlying multinomial and multihypergeo
metric distributions are usually fairly complex. How
ever, with care, it is possible to handle them in an ele
mentary fashion using only the binomial distribution 
and the univariate central limit theorem (CLT). 

2. MULTINOMIAL SAMPLING 

Suppose we have a population of N people of which 
IV; (i = 1,2,3) have preference for candidate i. A ran
dom sample of size n is taken without replacement and 
X; are found to have preference i. Iff = n/N, the sam
pling fraction, is small, say less than .05, then we can 
approximate sampling without replacement by sam
pling with replacement, and the joint distribution of 
the Xi is approximately multinomial with probability 
function 

n' g(x X X) = . pXIpX2p X3 0 < < ~-I. 2, 3 '" I 2 3, - Xi - n , L.J Xi - n, 
XI,X2, X 3' i 

where Pi = NJN. This distribution has the property that 
XI. X 2 , and XI + X 2 each have binomial distributions 
with parameters Ph P2, and PI + P2' Such properties 
follow by simply observing that each pair of the three 
outcomes for the N independent trials can be merged 
into a single outcome, thus converting the multinomial 
experiment into a binomial one. Thus it is straightfor-
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ward to find expressions for the variances of Xl> X 2 , and 
XI + X2, and then find cov(X;, ~) using the well-known 
trick 

cov(X; , ~) = Hvar(X; + X) - var(X;) - var(Xj )} 

= -np;pj. 

Now 1'; = X;ln is an unbiased estimate of P;, and 
£(1'1 - 1'2) = PI - P2' Also 

var(PI - 1'2) = var(PI) + var(P2) - 2 cov(P!, 1'2) 

= (Plql + P2q2 + 2pIP2)/n (q; = 1 - p;) 

= [PI + P2 - (PI - p2)2]/n. 

For n sufficiently large, say minimum(np;q;) > 10, we 
can invoke the multivariate CLT, as applied to the multi
nomial distribution, and obtain an approximate 95% 
confidence interval 

PI - P2 ± 1.96 {[PI + P2 - (PI - p2)2]/npl2. 

Alternatively, if we define a random variable l'j that 
takes the value + 1 if the jth sampled person prefers 
candidate 1, -1 for candidate 2, and 0 otherwise then 
PI - 1'2 = Y and we only need the univariate CLi 

As shown by Goodman (1965), the method can be 
extended to give Bonferroni simultaneous confidence 
intervals for k such differences from the same survey. 
We simply use the 100a/(2k)% point of the standard 
normal distribution, instead of 1.96, in the interval just 
given. 

For planning purposes, an upper bound of the square 
root term is n-1I2 , which compares with ~n-112 (setting 
P; =~) for a single estimate p;, and (2n )-112 for the dif
ference of independent sample proportions. The large 
sample statistic for testing Ho : PI = P2 takes the particu
larly simple form Zo = (PI - P2)/{(PI + P2)/n }112. The 
special case of P2 = 1 - PI is also of interest. 

3. HYPERGEOMETRIC SAMPLING 

If the sampling fraction cannot be ignored, then the 

joint distribution of the X; is multihypergeometric, 
namely, 

Using the same argument as in the preceding section, 
we see that XI, X2, and XI + X2 have hypergeometric 
distributions. For example, the probability function of 
XI (and of X2 + X 3) is given by 

g(XI) = (Nt) (M + M)j(N). 
XI X2 + X3 n 

From the properties of this distribution we know that 1'; 
is still unbiased and var(P;) = p;q;(N - n )/n(N - 1). 
We see that the algebra for the multinomial distribution 
goes through for the multihypergeometric except that 
every term is multiplied by (N - n)/(N - 1), or approxi
mately 1-f. 

4. DISCUSSION 

The difference, PI - P2, may not always be the most 
appropriate target for our inferences. Cochran (1977, 
Sec. 3.8) suggests estimating the conditional probability 
ptI(PI + P2) instead and making inferences conditional 
on the observed total XI + X2. However, the simple dif
ference, PI - P2, is so widely quoted in newspapers and 
other nontechnical sources that it seems worthwhile 
that students in elementary courses be able to associate 
a valid standard error with a quoted difference. 

[Received December 1982. Revised June 1983.] 

REFERENCES 

COCHRAN, W.G. (1977), Sampling Techniques (3rd ed.), New 
York: John Wiley. 

GOODMAN, L.A. (1965), "On Simultaneous Confidence Intervals 
for Multinomial Proportions," Technometrics, 7,247-255. 

320 © The American Statistician, November 1983, Vol. 37, No. 4 

chf
Highlight


	Article Contents
	p.319
	p.320

	Issue Table of Contents
	The American Statistician, Vol. 37, No. 4, Part 1 (Nov., 1983), pp. 259-357
	Volume Information [pp.353-355]
	Front Matter
	Announcement of New Editor [p.259]
	The American Statistical Association: A Review of Its Operations
	The American Statistical Association: Preface [p.260]
	The American Statistical Association-A Study and Recommendations [pp.261-280]
	Statement of the ASA Board of Directors [pp.281-283]

	The Visibility of Statistics as a Discipline [pp.284-289]
	Who Discovered Bayes's Theorem? [pp.290-296]
	Nonstatistical Aspects of Statistical Consulting [pp.297-302]
	In Memoriam: Paul Sumner Dwyer, 1901-1982 [pp.303-304]
	The Teacher's Corner
	Multiple Comparisons in a Mixed Model [pp.305-307]
	The Geometry of Rank-Order Tests [pp.307-311]
	Some Properties of U Statistics [pp.311-313]
	Teaching Singular Distributions to Undergraduates [pp.313-316]
	Unmatched Observations in Matched Pairs Analyses [pp.317-319]
	Difference of Proportions from the Same Survey [pp.319-320]

	Accent on Teaching Materials
	Review of Some Materials Useful in Probability Experiments [pp.321-322]

	Statistical Computing
	New Developments in Statistical Computing
	IFDAS-An Interactive Forecasting and Data Analysis System [p.323]
	BISPEC: A Program to Estimate the Bispectrum of a Stationary Time Series [pp.323-324]
	Computing Partial Autocorrelations by Recursion [p.324]
	APLECON-Econometric Analysis with APL (Version 2) [pp.324-325]
	FIT: Program for Krishnaiah's Tests for Multiple Comparisons of Means and Mean Vectors [p.325]
	Multiple Group Factor Analysis [p.326]
	MULTISCALE: A Multidimensional Scaling Program [pp.326-327]
	ASP: A Statistical Package in APL [p.327]
	REPREG: A Repeated Measures Regression Program [pp.327-328]

	Commentaries
	Further Comparative Analyses of Pretest-Posttest Research Designs [pp.329-330]
	On the Effect of Class Size on the Evaluation of Lecturers' Performance [pp.331-333]
	Creation of a Statistical Problem [pp.334-335]
	Comment: A Historical Note [pp.335-336]
	[Creation of a Statistical Problem]: Comment [p.336]
	Guidelines for Variable Selection Problems When Dummy Variables Are Used [pp.337-339]
	On the Maximum Ratio: A Tool for Assisting Inaccuracy Assessment [pp.339-342]
	MAD Query [p.343]
	[MAD Query]: Comment [p.343]
	[MAD Query]: Reply [p.344]
	H. O. Hartley's Contributions to Sample Survey Theory and Methods [pp.344-350]

	Letters to the Editor [pp.351-352]
	Corrigendum: Testing for Zero Intercept in Multivariate Normal Regression Using Regression Using the Univariate Multiple Regression F Test [p.352]
	Editorial Collaborators [pp.356-357]
	Back Matter



